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@ Ground field: the field C of complex numbers.

Introduction

e Objects: surfaces of general type, i.e., smooth projective
varieties of dimension 2 with maximal Kodaira dimension.

o Aim: birational classificaton of surfaces of general type.

Birational classification = Classification of minimal models
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We work with minimal surfaces of general type.

Let S be a surface. Introduction
o pg = pg(S) := h%(S,ws) the geometric genus of S
o q:=q(S) := h'(S, Os) the irregularity of S
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ps = q = 2: Notation and set-up

We work with minimal surfaces of general type.

Let S be a surface.
o pg = pg(S) := h%(S,ws) the geometric genus of S
o q:=q(S) := h'(S, Os) the irregularity of S
o K?:= K§ self-intersecion of the canonical divisor Ks

e x :=x(S) =1— q+ pg holomorphic Euler-Poincaré
characteristic
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Introduction
e K?2>1, x >1 (Castelnuovo),

@ K2 > 2y — 6 (Noether)

e K2 < 9y (Bogomolov-Miyaoka-Yau)
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Important inequalities

CHPP
surfaces

Let S be a minimal surface of general type. It holds:
Introduction
e K?2>1, x >1 (Castelnuovo),

@ K2 > 2y — 6 (Noether)

e K2 < 9y (Bogomolov-Miyaoka-Yau)

K2 > 2p, if ¢ > 0 (Debarre).
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minimal surfaces of general type with fixed invariants K2, x.
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Introduction

Studying the whole M- , is complicated, then first one tries

to understand its subschemes M- ,
sPg>q
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The Gieseker moduli space
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Theorem (Glese ker, 1977) \EESTHHIENTS
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There exists a quasi-projective coarse moduli scheme M- . for
minimal surfaces of general type with fixed invariants K2, x.

Introduction

Remark

Studying the whole M- , is complicated, then first one tries

to understand its subschemes M- ,
E) g7q

N\

If x =1 even constructing examples of such surfaces is really
hard!

N\
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The Albanese map

CHPP
surfaces

Fix pg € S. Set

Hi(S,Z)" := Hy(S,Z)/torsion.

Introduction

a: S — A= H(S,QL)/Hi(S,z)f

P
p—>/- mod Hy(S,Z)f
Po

This is the so-called Albanese map of S.

Ais an abelian variety of dimension q(S) = 2.
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The Construction of CHPP Surfaces

Let A’ be an abelian surface with a divisor D yielding a Shep
polarization of type (1,2) and set

A:= A" = Pic®(A)

fOI’ the dual Complex torus. Construction
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The Construction of CHPP Surfaces

Let A’ be an abelian surface with a divisor D yielding a Shep
polarization of type (1,2) and set

A:= A" = Pic®(A)

fOI’ the dual Complex torus. Construction
Consider the associated isogeny

dp: A = A
x—(D+x)—D
The kernel (D) of this map is

K(D) = (Z/27)?
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where o C C* acts by scalar multiplication.

Massimiliano Alessandro (UNIGE/UBT) CHPP surfaces 5th July 2023
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V := HY(A’, D) is the Schradinger representation of the finite surfaces
M i

Heisenberg group Hp pom

1 — pp — Hp — K(D) = (Z/2)> =0 -
Construction
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K(D) = Hp/uz acts on Pt x A’ :=P(V) x A’ (action of
product type)

Massimiliano Alessandro (UNIGE/UBT) CHPP surfaces 5th July 2023



The Construction of CHPP Surfaces

CHPP
V := HY(A’, D) is the Schradinger representation of the finite surfaces

Heisenberg group Hp

1 — pp — Hp = K(D) = (Z/2)> = 0

Construction

where o C C* acts by scalar multiplication.

K(D) = Hp/uz acts on Pt x A’ :=P(V) x A’ (action of
product type)

S5 = (R + yd) +xe(3 +Ayyi) = 0) CPIx A, A eC

o {x1,x2} is a canonical basis of V := HY(A’, D)

o {y1,y»} homogeneous coordinates of P! := P(V),
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The Construction of CHPP Surfaces

Define S, as the free quotient

Sy := S,/K(D),
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The Construction of CHPP Surfaces
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Define S, as the free quotient

The

5)\ = Si/lC(D)’ ’C(D) ~ (Z/22)2’ Construction

Definition
The family of surfaces {S)}rcucc is called the family of CHPP
surfaces.
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The Component of CHPP Surfaces
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Theorem (-, Catanese)

The CHPP surfaces yields a unirational irreducible connected
component of the moduli space of surfaces of general type with | [

K2 =5, pg(S) = q(S) = 2, and Albanese map Sommetizn
a:S — A= AIb(S) of degree d = 3.
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The Component of CHPP Surfaces

Theorem (-, Catanese)

The CHPP surfaces yields a unirational irreducible connected
component of the moduli space of surfaces of general type with
K2 =5, pg(S) = q(S) = 2, and Albanese map

a:S — A= AIb(S) of degree d = 3.

N\

This component contains the family of surfaces constructed by
Alfred Jungkai Chen and Christopher Derek Hacon in 2006 and
coincides with the component found by Matteo Penegini and

Francesco Polizzi in 2013.
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ps = q = 2: PP4 surfaces

PP4 surfaces: pg(S) =q(S) =2, K2=6,d=4 nPe
Named after Penegini-Polizzi (known family)
S is the free quotient

S:=S'/K(D),  K(D)=(Z/37)>

Construction

S = S5'(u) := {rank(M) < 1} C P? x A,

X1 X3 X2
M = , eC
<y12 +uyays Vi uay: v+ N}’1Y3> a

@ A'is an Abelian surface with a polarization D of type
(1,3),
o {x1,x,x3} is a canonical basis of V = HY(A’, O (D)),

o {y1,¥2,y3} homogeneous coordinates of P? = P(V),
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Theorem (-,Catanese)

The family of PP4 surfaces provides an irreducible, connected Construction
component of the moduli space of surfaces of general type with
pg = q =2, K2 =6 and Albanese map of degree 4.

It coincides with the component found by Penegini-Polizzi in
2014.
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ps = q = 2: the new family of AC3 surfaces

CHPP

AC3 surfaces: pg(S)=q(S)=2, KZ2=6,d=3 surfaces
It is a new family with these invariants. .

S is the free quotient

The
Construction

S:=S'/K(D),  K(D)=(Z/3Z),

3 3
S = {(y,2) € PP A yp(2) =0, yiyira =0} C P2xA,
j=1 i=1

e A’ is an Abelian surface with a polarization D of type
(1,3).
o {x1,x2,x3} is a canonical basis of V = HY(A", O (D)),

o {y1,¥2,y3} homogeneous coordinates of P? = P(V),

Massimiliano Alessandro (UNIGE/UBT) CHPP surfaces 5th July 2023



CHPP
surfaces

Theorem (Catanese, Sernesi)

Construction

The family of AC3 surfaces provides a new component of the

moduli space of surfaces of general type with p; = q =2,
K2 = 6 and Albanese map of degree 3.
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Thanks for listening!
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